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Abstract. In this paper, we study the structure of the reduced C*- 
algebras and von Neumann algebras associated to the free orthogo- 
' nal and free unitary quantum groups. We show that the reduced von 

Neumann algebras of these quantum groups always have the Haagerup 
approximation property. Combining this result with a Haagerup-type 
inequality due to Vergnioux [35], we also show that the reduced C*- 
algebras always have the metric approximation property. 
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1. Introduction 

In [371 [38], S. Wang constructed a new family of compact quantum groups 
the so-called free unitary and free orthogonal quantum groups - by con- 
sidering certain highly noncommutative analogues of the C*-bialgebras of 
continuous functions on the classical unitary and orthogonal groups Un and 
On. More precisely, for any N > 2, the free unitary quantum group (of 



\ dimension N) is the pair Ujy := (A U (N), A), where A U (N) is the universal 

^ ' C*-algebra defined by N 2 generators {uij : 1 < i,j < N}, subject to the 

relations which make the matrices 

(1.1) U := [uij]i<i,j<N and U := [u*j]i<i,j<N 

unitary, and A : A U (N) — > A U (N) <8> m in A U (N) is the coproduct determined 
by 

c5 ' N 

(1.2) A( Uij ) = Y,Uik® u kj (1 < i,j < N). 

k=l 

Similarly, the free orthogonal quantum group is the pair := (A a (N), A), 
where A (N) is the universal C*-algebra defined by iV 2 self-adjoint gener- 
ators {vij = v*j : 1 < i,j < N}, subject to the relations which make the 
matrix 



(1.3) V := [vij]i<i,j< 



N 
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unitary, and A : A a (N) — > A a (N) <8> m in A (N) is the coproduct defined by 
(1.4) A( Vij ) = Y,Vik® v kj (1 <i,j< N). 

k=l 

Since the introduction of these quantum groups, the series {0^}at>2 and 
{U^}n>2 have been the object of intensive study from both quantum prob- 
abilistic and operator algebraic perspectives [21 El El [16], [331 ES] - On the 
probabilistic side, it is becoming increasingly apparent that the same role 
played by the groups On and Ujy in classical probability theory, is played 
by O n and in Voiculescu's free probability theory [SI [71 [15] . For exam- 
ple, Freedman's theorem characterizing conditionally independent Gaussian 
families in terms of On and Un invariant distributions, has a free analogue 
when these groups are replaced by O n and [15]. The series {U^}n>2 
also provides canonical examples of "quantum Haar unitary" random matri- 
ces, which can be used to prove asymptotic operator valued freeness results - 
a phenomenon which does not occur when using classical Haar unitary ran- 
dom matrices [16]. From the perspective of operator algebras, the reduced 
C*-algebras and von Neumann algebras arising from the GNS representa- 
tions of the Haar traces on N and Z7i form an interesting class of operator 
algebras, about which much is still not known. 

For G = or U^, let C(G) denote the reduced C*-algebra of G, and let 
L°°(G) = C(G)" denote the reduced von Neumann algebra of G. In [3] and 
[34] . the algebras C(G) and L°°(G) were shown to share many structural 
properties with the reduced C*- and von Neumann algebras of the free groups 
Ffc (k > 2). For example, C(U^) is always a non-nuclear, exact, and simple 
C*-algebra, and L°°(U^) is always a solid, non-injective Ili-factor. The same 
properties hold for C(0 N ) and L°°(O n ) when N > 3. In [3], it is also shown 
that L°°({7^") is isomorphic to £,(¥2), the von Neumann factor generated by 
the left regular representation of F2. Given the above structural properties, 
it is natural to ask whether the algebras L°°(G) (G = N or IT^, N > 3) 
also give rise to free group factors? At this time, a direct answer to this 
question seems to be out of reach. Nevertheless, we can try and shed light 
on this question by asking what other structural properties of C(G) and 
L°°(G) are shared by the reduced free group algebras C^(F&) and L(F&) 
(Jfe>2)? 

In this paper, we consider this second question, and in particular look 
at what sorts of approximation properties these operator algebras have. 
We prove that the von Neumann algebras L°°(O n ) and L°°(U^) have the 
Haagerup approximation property for all N > 2, which answers questions 
posed by Vaes [33] and Vergnioux [36l Introduction]. Recall that a finite 
von Neumann algebra (M, r) (with faithful normal trace r : M — > C) has 
the Haagerup approximation property (HAP) if there exists a net {3>a}asA 
of normal, unital, completely positive, r-preserving maps on M such that: 
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(1) For each A G A, the unique L 2 -extension $\ : L 2 (M) —?■ L 2 (M) is a 
compact operator, and 

(2) For each x £ M, lim^ e A || ( &a(^) — %\\l 2 (M) = 0> where x h- > x is the 
usual embedding M ^ L 2 (M). 

Conditions (1) and (2) of course imply that the identity map id-M^-M = 
lim^eA in the point a- weak topology of B(M). Note that the HAP is a 
very important structural property for a finite von Neumann algebra, since 
it is an isomorphism invariant (see Remark 13. If) , and it is also a useful tool 
for proving other approximation properties, such as the weak* -(completely) 
bounded approximation property (see [29j 130]). 

In [21], Haagerup established the positive definiteness of the exponenti- 
ated length functions {g \-t e~' 9 ''}i>o on the free groups (k > 2), which 
yields the HAP for the free group factors L(Ffe). Combining this result with 
the Haagerup inequality for the free groups [211 Lemma 1.4], Haagerup also 
showed that the reduced C*-algebras C^(Ffc) have the metric approximation 
property (despite being non-nuclear). Combining our proof of the HAP for 
L°°(0^) and L°°(U^) with a version of the Haagerup inequality for these 
quantum groups proved by Vergnioux [35], we are also able to show that 
the reduced C*-algebras C{0~^) and C(U^) have the metric approximation 
property. This answers a question posed by Vergnioux in |35} Introduc- 
tion]. We also show that C([/^~) has the (stronger) completely contractive 
approximation property (see Remark 15. lip . 

The remainder of this paper is organized as follows: Section [2] contains a 
brief review of the basic results on C*-algebraic compact quantum groups 
that we will need. In Section [31 we restate the definition of the Haagerup 
approximation property in the context of compact quantum groups of Kac 
type, and prove some general results about normal completely positive 
maps on their reduced von Neumann algebras. In Section UJ we prove that 
L°°(0^) always has the HAP, and deduce the same result for L°°(U^) using 
a free product representation of L°°(Upf) due to Banica [3]. The two main 
ingredients to our proof of the HAP for L°°(0^) are (1) an averaging result 
for state-induced normal completely positive maps on compact Kac algebras 
(Theorem 13 .7p . and (2) the fact that the spectral measure of the fundamen- 
tal character of (relative to the Haar trace) is always Wigner's semicircle 
law (Theorem I4.ip . In Section [51 we use Vergnioux's Haagerup inequalities 
for O^y and U"^, and the results of Section HI to prove that the C*-algebras 
C(O^v) an d C(Ujy) have the metric approximation property. We close with 
Remark [57T2J where we use the results of Section [5] to show that the Banach 
algebra predual L 1 (G) := L°°(G)* (G = Ut- or O^) always has a central 
approximate identity which is bounded in the multiplier norm on L X (G). 

Acknowledgements. The author thanks his doctoral supervisors James 
A. Mingo and Roland Speicher for useful discussions. The writing of this 
paper was completed while the author participated in the "Bialgebras in 
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Free Probability" programme at the Erwin Schrodinger International Insti- 
tute for Mathematical Physics. The author thanks the Institute for their 
kind hospitality and the excellent working environment. This research was 
partially supported by an NSERC Canada Graduate Scholarship. 

2. Preliminaries and Notation 

In this section we review the basic theory of compact quantum groups, as 
developed by Woronowicz in [4t)j (see also the excellent book [32J). For the 
remainder of this paper, we will use the symbol (g) when writing the minimal 
tensor product of a pair of C*-algebras. Similarly, (£> will be used to denote 
the von Neumann tensor product, and ® a ig will denote the purely algebraic 
tensor product of two algebras. A basic familiarity with the theory of com- 
pletely bounded maps will be assumed. In particular, B(X) (resp. CB(X)) 
will always denote the algebra of bounded (resp. completely bounded) op- 
erators on a Banach (resp. operator) space X. Our reference for this will 
be [SUES]. 

A compact quantum group (CQG) is a pair G = (A, A) where 

• A is a unital C*-algebra, 

• A : A — > A® A is a unital *-homomorphism satisfying the coasso- 
ciativity relation 

(2.1) (id j4 ®A)oA = (A®id j4 )oA, 
and 

• G satisfies the cancellation property. That is, the sets 

A(A)(1 A ®A), and A(A)(A®1a), 
are linearly dense in A ® A. 

From these three axioms, it follows that any CQG G = (A, A) admits 
a unique state h : A — > C, called the Haar state, which satisfies the bi- 
invariance condition 

(2.2) (/i<g>i<U)A(x) = (icU <8> /i)A(x) = h(x)l A (x e A). 

We denote by L 2 (G) the usual GNS Hilbert space obtained from equipping 
A with the sesquilinear form (x,y) \— > h(y*x), and denote by 7T/j : A — > 
B(L 2 (G)) the GNS representation. We also put C(G) = n h (A) C B(L 2 (G)), 
and L°°(G) = (7(G)" C B(L 2 (G)). C(G) is called the reduced C* -algebra 
of G, and L°°(G) is called the reduced von Neumann algebra of G. Since 
h = (/i8/»)oA, it follows that the coproduct A determines a coproduct A r : 
(7(G) — > (7(G) (8) (7(G) satisfying A r o n h = (i: h <g> Tt h ) o A. Furthermore, A r 
extends to a normal *-homomorphism A r : L°°(G) — > L°° (G)(S>L 00 (G) . The 
CQG G r = ((7(G), Ar) is called the reduced version of G, and (L°°(G), A r ) 
is a von Neumann algebraic CQG, in the sense of [25]. The Haar state 
h r : (7(G) — > C is given by h r (iTi l (x)) = h(x) for each x E A, and extends to 
a faithful normal state on L°°(G). From now on we will drop the subscript 
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r from h r , and just write h for the Haar state in all possible situations. No 
confusion should arise from this. 

For any CQG G = (A, A), the Banach space A* of continuous linear 
functionals on A comes equipped with the associative convolution product 

((p, tp) \— > cp * ij) = ((p (g) ip) o A. 

With this product, A* is a (completely contractive) Banach algebra. The 
predual L X (G) := L°°(G)* of the reduced von Neumann algebra of G can 
be completely isometrically identified with a closed subspace of A* via the 
dual pairing 

(2.3) (x,u) = (u,ir h (x)} S i,w G L 1 (G)). 

With this identification, L X (G) is a closed two-sided ideal in A* (see |17j . 
[Ml Page 913-914]). 

Definition 2.1. An (n-dimensional) corepresentation of a CQG G = (A, A) 
is a matrix U = [uij]i<ij<n G M n (A) = M n (C) <g) A with the property that 

n 

A(ity) = ^Uifc (8) Mfcj (1 <i,j<n). 
k=l 

We say that J7 is a unitary corepresentation if in addition [/ is a unitary 
element of M n (A). 

HU = [uij]i<ij< n , is a corepresentation, the matrix U = [u*j]i<ij< n is 
also a corepresentation, called the conjugate of J7. We note that U may not 
be a unitary corepresentation, even if U is unitary. 

If U e M n (C) <g> ^ and F G M m (C) (g) A are two corepresentations of G, 
we define the vector space 

Hom(f/, F) = {T g S(C n , C m ) : (T ® 1 A )17 = V(T 8) U)}- 

An element T G Hom(C7, V) is called an intertwiner from U to V. The corep- 
resentation U is called irreducible if Hom(£/, C7) = Cid, and U is irreducible 
if and only if U is. U and V are called (unitarily) equivalent corepresenta- 
tions if there exists an invertible (unitary) operator T G Hom(C/, V"), and we 
write U = V. 
The matrix 

UMV := [ Uij v H ] i<ij< n G M n (C) 8) M m (C) ® A, 

l<k,l<m 

is again a corepresentation of G, called the tensor product of U and V. 

One can of course define the notion of an infinite dimensional (unitary) 
corepresentation of G (see [40^ Section 2]), however we will not need this 
generality here, mainly due to the following theorem: 

Theorem 2.2. ([4:0\) Every irreducible corepresentation of a CQG is finite 
dimensional and equivalent to a unitary one. Furthermore, every unitary 
corepresentation is unitarily equivalent to a direct sum of irreducibles. 
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Let {U a = [ufj]x<i,j<da '■ a € A} be a maximal family of finite-dimensional 
irreducible unitary corepresentations of G = (A, A), with «o being the index 
corresponding to the trivial corepresentation 1a G A, and C/ a denoting the 
representative of the class of U a . Let A denote the subspace of A spanned 
by the matrix elements {ufj : 1 < i,j < d a ,a G A}. Then A is a Hopf 
*-algebra with faithful Haar state given by h\ A , A is norm dense in A, and 
the set {ufj : 1 < i,j < G A} is a linear basis for A. The coproduct 

A_4 : A — > A ®aig ^4 is just the restriction A|^, the coinverse k : A — > A is 
the antihomomorphism given by 

= Ki)* (1<M<4, aGA), 

and the counit e : A — > C is the *-character given by 

e(ug-) = 5ij (1 < i, j <d a , a G A). 

The Hopf *-algebra A is unique in the sense that if B C A is any other dense 
Hopf *-subalgebra, then B = A (see [H Theorem 5.1]). 

In general, the counit e : A — > C and the coinverse k : A — > A defined 
above cannot be extended to bounded linear maps on A. A CQG G = (A, A) 
is called co-amenable if the map 7T/i(x) h-> e(ar) (x G A) extends to a character 
of C(G). In this paper we will mainly deal with CQGs of Kac type, which 
are precisely those for which the coinverse n can be extended to a bounded 
map on A. 

Definition 2.3. A CQG G = (A, A) is said to be of Kac type if any one of 
the following equivalent conditions is satisfied. 

(1) n : A — > A has a continuous extension to a *-antihomomorphism 
k : A ->• A. 

(2) K 2 = id A . 

(3) The Haar state h : A — > C is a trace. 

See m for proofs of the above equivalences. From the universality of the 
C*-algebras of A Q (N) and A U (N) defined in Section [fl it is not difficult to 
see that condition (1) of Definition 12.31 is satisfied for these algebras. So 
and U^j are of Kac type. Also, 0^ is not co-amenable for all iV > 3, and 
U~£j is not co-amenable for all N > 2 [3]. 

When G = (A, A) is of Kac type and U a (a G A) is an irreducible unitary 
corepresentation (using the above notation), it is readily checked that U a is 
also unitary. We can therefore assume from now on that our representatives 
{U a : a G A} have been chosen so that U a = U a . In this case, we have 

(2.4) = (u%Y = u% (1 <i,j< da, a G A). 

Furthermore, the family of matrix elements {^/d^uf- : a G A, 1 < i,j < 
da} d A always forms an orthonormal basis for L 2 (G) in the Kac algebraic 
setting. 

Finally, when G = (A, A) is of Kac type, the map K r : C(G) —> C(G) de- 
fined by K r {iTh{x)) = 7T/i(k(x)) (x G A), defines the coinverse for the reduced 
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quantum group G r . Furthermore, K r extends to a normal *-antiautomorphism 

K r : L°°(G) -> L°°(6). 

3. The Haagerup Approximation Property for Compact 
Quantum Groups of Kac Type 

In this section, we discuss the Haagerup approximation property in the 
context of CQGs G = (A, A) of Kac type, and prove some general results 
on constructing normal completely positive maps on L°°(G) from states on 
A. 

We will say that a CQG G = (A, A) of Kac type has the Haagerup 
approximation property (HAP) if the finite von Neumann algebra (L°°(G), h) 
has the HAP, as defined in Section [TJ 

Remark 3.1. At this point, it is worthwhile to mention that the HAP for a 
finite von Neumann algebra (M, r) does not actually depend on the partic- 
ular choice of trace r. I.e., if t' : M — > C is another faithful, normal, finite 
trace, then (M , r') also has the HAP. Furthermore, in the definition of the 
HAP, the requirement that the maps Q\ : M — > M be r-preserving can be 
relaxed to t o $^ < r, and this yields the same class of von Neumann alge- 
bras [22]. From the trace-independence of the HAP, it is easily deduced that 
the HAP is an invariant for the isomorphism class of a finite von Neumann 
algebra. 

Notation 3.2. Let A be a C*-algebra and let T : A — > A be a linear map. 
We will say that T is UCP when T is unital and completely positive. If A is 
a von Neumann algebra, we will say that T is NUCP if T is normal, unital, 
and completely positive. 

In order to establish that a given CQG G = (A, A) of Kac type has the 
HAP, we need to construct a net of NUCP, /i-preserving maps on L°°(G) 
which satisfies certain properties. In the classical case (when G corresponds 
either to a classical compact group G or the dual of a discrete group T), 
a convenient place to look for such maps is within the set of convolution 
operators induced by states on the C*-algebra A. In the general situation, 
the same is true: states on A yield concrete examples of NUCP maps on 
L°°(G). We will now briefly outline this well known procedure. 

Definition 3.3. Let G = (A, A) be a CQG and ip G A* a state. The UCP 
/i-preserving map C v : A — > A given by 

C^x = (ip id A )A(x) {x e A), 

is called the (left) convolution operator associated to cp. 

Let 7r/i : A — > C(G) denote the GNS representation of the Haar state 
h : A — > C. The following lemma shows that the convolution operator C v 
factors through the quotient C(G) = A/ker7r^, and furthermore extends 
to a NUCP map on L°°(G). This result is already known, and can be 
nicely stated (in a more general context) in terms of completely bounded 
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multipliers of locally compact quantum groups (see [EJ Proposition 8.3] and 
[TH Section 6]). In order to avoid dealing with Pontryagin duality and to 
keep this paper self-contained, we provide a proof of the following lemma. 

Lemma 3.4. Let G = (A, A) be a CQG, and let ip G A* be a state. Then 
there exists a unique UCP h-preserving map S v : C(G) — > C(G) defined by 

Sip(7r h (x)) = TihiC^x) (x G A), 

where is the convolution operator given in Definition \3.3l Furthermore, 
S v extends uniquely to a NUCP h-preserving map 

S v : L°°(G) -»■ L°°(G). 

Proof. We claim that C<7,(ker7r/j) C ker^. To see this, fix x G ker-zr/j. Since 
h is a KMS-state |32} Example 8.1.22], it follows that ker^ = {x G A : 
h(x*x) = 0}. By the Cauchy-Schwarz inequality for completely positive 
maps ( [271 Proposition 3.3]), we have 

{C v x)*{C v x) < C v {x*x). 

Applying h to this inequality and using the fact that C„ is /i-preserving, we 
get 

h((C v x)*{C v x)) < h(C v {x*x)) = h(x*x) = 0. 

So C v x G keriTh, proving the claim. 

Since C^QaexiVh) Q ker^, we may define a linear map 

S v : C(G) -> C(G), 

by setting 

S v (TT h (x)) = n h (C v x). 

The fact that is UCP and /i-preserving follows from this formula and the 
fact that C v has these properties. 

We now prove that Sip extends to a normal map on L°°(G). Since L 1 (G) C 
A* is an ideal, we can consider the map G CB(L 1 (G)) given by 

S^(uj) = ip * oj (u> G L 1 (G)). 

Then the adjoint (S^*)* G CB(L°°{G)) is normal, and (<5' ¥ >*)*|c(G) = S^- 
Indeed, taking x G A, ui G L 1 (G), and using the identification (|2.3p . we have 

((jj,S v TCh(x)) = {u},ir h (((p® idA)A(x))) = ((ip ® id j4 )A(x),o;) 
= (<£> (8) u})A(x) = (x, <p * ui) = {S^uj^hix)) 
= (uj,(S^)*iT h (x)}. 

Therefore (S^)*\c(g) = S<p- Since C(G) is u-weakly dense in L°°(G), we 
find that (5^*)* is the unique normal extension of S v . The fact that it is 
UCP and /i-preserving follows from these properties for S v . □ 
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Remark 3.5. In order to keep our notation simple, we will identify the Hopf 
*-algebra A C A associated to a CQG G = (A, A) with its image Tth(A) C 
C(G) under the GNS representation ir^ : A — > C(G). This is possible 
because the Haar state H\a is always faithful (and therefore iTh\A ls injective). 
With this identification, the NUCP map S v G CB(L°°(G)) considered in 
Lemma I3T41 is given on the basis {ufj : 1 < i,j < d a , a G A} C A by the 
formula 

(3.i) s v («go = ^®i(U)A(«g.) =x;^«aK i . 

fc=l 

We will also identify C(G) and L°°(G) with their dense images in L 2 (G), 
via the GNS map x \— > x. Consequently, we have the natural inclusions 

A C C(G) C L°°(G) C L 2 (G), and ,4 = ^ IMU . 



Equation (|3.1|) gives a useful description of the NUCP map S v : L c 
L°°(G) in terms of the action of the state cp on A. Unfortunately, for a gen- 
eral CQG G = (A, A), it is a difficult task to explicitly construct (nontrivial) 
states <p E A*. On the positive side, when G is of Kac type, S v can be "av- 
eraged" using the Haar trace to get a new NUCP map 2L,, which now only 
depends on the restriction of ip to the subalgebra of A generated by the 
irreducible characters of G. In order to introduce this averaging result, we 
first need some notation. 

Notation 3.6. For each a G A, denote by L 2 a (G) C L 2 (G) the subspace 
spanned by the matrix elements {ufj : 1 < i, j < d a } of the corepresentation 
U a . Then L 2 (G) = f - aeA L 2 (G). Denote by Pa : L 2 (G) -> L 2 (G) the 
orthogonal projection, and let 

da 

Xa = (Tr da ®id A )(U«) = J2 u ii> 

i=i 

denote the irreducible character of the corepresentation U a . 

The following theorem is the main result of this section, and will be used 
to prove that 0~j^ has the HAP in Section [H 

Theorem 3.7. Let G = (A, A) be a CQG of Kac type, and consider the 
unital C* -subalgebra B = C*(x a '■ ol G A) C A generated by the irreducible 
characters {x a '■ a G A}. Then for any state ip G B* , 

(1) The map 

Tj, = 2^ — 1— Pa, 

aeA a ° 

is a unital contraction on L 2 (G), and 

(2) T/ie restriction T^ = T^\ L o<>^ defines a NUCP h-preserving map 
T^p G CB(L°°(G)). Furthermore T^(C(G)) C (7(G). 
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Proof. (Of Theorem 13. 7( 1),) Since each U a G Md a {A) is a unitary operator, 
II^IU — 1 f° r each 1 < i, j < d a . Therefore 

VKXa) ^ j-1 V^„,a ^ j-l ll„,a|| ^1 

a ° 11 i=l MA i=l 

Since the family of projections {p a }aeA C B(L 2 (G)) is orthogonal, T^, = 
EaeA 3 ^?*?* satisfies ||f^|| B(£ a (C)) = sup aeA < i. Since ^ is a 

state, T,/,i L oo( G ) = iP(1a)1l°°(g) = 1_l°°(G)- a 

The proof of Theorem I3.7f 2) is much more in involved. The basic idea is 
to obtain by averaging (with respect to the Haar trace) the NUCP map 
S v G CB(L°°(G)), where ip G A* is any Hahn-Banach extension of ■0. We 
will first need a few preparatory results. 

Lemma 3.8. Let G be a CQG of Kac type and let S G CB(L°°(G)) be 
unital, normal and h-preserving. Then the map 

K r oSo Kr : L°°(G) -> £°°(G) 

is also unital, normal and h-preserving, with \\K r o S o K r ||cj = ||S'|| c f ) . Fur- 
thermore, we have S(C(G)) C C(G) if and only if (K r oSoK r )C(G) C C(G). 

Proof. This is actually a general result for Kac algebras, proved in |23|. 
Proposition 2.4] for example. We include a proof for the reader's conve- 
nience. 

First of all, S and n r are unital, normal, /i-preserving, and K r (C(G)) = 
C(G), it follows that K r o S o k t is also unital, normal and /i-preserving. 
Furthermore, S(C(G)) C C(G) if and only if (« r o 5 o K r )C(G) C (7(G). 
Since k t is a *-antiautomorphism, the map 

L°°(G) 3l4fi(l) = «v(x)*, 

defines a conjugate- linear *- automorphism of L°°(G), and in particular is a 
complete isometry. This means that for any matrix [xij] G M n (L°°(G)), 

IIMI = WKVW = III41H = ll[«r(«r(4))]H = H[«r(«rW)1ll 
= ll(idM n (C) ® R)[Kr(xji)]\\ = ||K(zji)]||. 

Using the above equality of matrix norms, we have for any matrix \yij\ G 
M n (L°°(G)), 

\\( Kr oSo Kr )^[ yij )\\ = \\{ Kr (S Kr ( yij ))]\\ = WlSMvjM 
< \\S\\cb\\[Kr(yji)}\\ = \\S\\cb\\[yij}\\- 

Since n G N was arbitrary, \\n r o S o K r \\ c b < \\S\\ c b- The reverse inequality 
follows from this one, since we may write S = n r o (n r o S o K r ) o K r . □ 

Let G be a CQG of Kac type. Since (L°°(G), h) is a finite von Neumann 
algebra and 

A r : L°° (G) -»• L°° (G)®L°° (G) 
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is an injective normal *-homomorphism, it follows that A r (L°°(G)) is a von 
Neumann subalgebra of L oo (G)0L oo (G). Therefore there exists a unique, 
normal, h (g) /i-preserving conditional expectation 

E : L oo (G)0L oo (G) -> A r (L°°(G)). 

The following lemma describes how this conditional expectation acts on 
L 00 (G)®L 00 (G). 

Lemma 3.9. The conditional expectation E : L°° (G)<g)L°° (G) -)• A r (L°°(G)) 
is determined by the equations 

E(u%®u kl ) = -^^A r «) (a,P € A, 1 < i,j <d a , 1 < k,l < dp). 
Furthermore, E(C(G) ® C(G)) C A r (C(G)). 

Proof. As usual, we identify L°°(G) as a subspace of L 2 (G) (and likewise 
we identify L 00 (G)®L 00 (G) as a subspace of L 2 (G) ® 2 L 2 (G)). With these 
identifications, E is is realized simply as the orthogonal projection from 
L 2 (G) (g> 2 L 2 (G) onto L 2 (A r (L°° (G) ) . 

Recall that A r : L°°(G) — > A r (L°°(G)) is trace preserving, and therefore 
extends to an isometry with dense range for the L 2 -norms (i.e. a unitary op- 
erator from L 2 (G) to L 2 (A r (L°°(G)).) Therefore A r maps the orthonormal 
basis {d]/ 2 ufj : 1 < i,j < d a ,a G A} for L 2 (G) to the orthonormal basis 
{Aridl^ufj) : 1 < i,j <d a ,ae A} for L 2 (A r (L°°(G)). Therefore we can 
write E(ufj <g> u kl ) as the L 2 -convergent series 

= E E K»^|A r (4/ 2 n7 s ))A r (4/Vj 

7SA l<t,s<c( 7 

= E^ E Y.( U ij® U kl\ U trn® U ms) A r(ul) 
7GA l<i,s<d 7 m=l 

d 7 E E^^ d 2 M^) 

7GA l<t,s<d 7 m=l T 



To see that E(C(G) <S>C(G)) C A r (C(G)), note that from the above formula 
for E, we have E(A® a i g A) Q A r (A). Since A®aX s A is dense in C(G)(g>C(G), 
A r („4) is dense in A r (C(G)) and E is continuous, the result follows. □ 

We are now ready to prove Theorem 13.7( 2). 

3.1. Proof of Theorem 13.71 (2). Let cp G A* be any Hahn-Banach exten- 
sion of the given state ip £ B* . Since </?(1a) = V'(Ia) = 1, and \\(p\\ = \\ip\\ = 
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1, if is also a state. Let G CB(L°°(G)) be the NUCP /i-preserving map 
defined in Lemma 13.41 and consider the composition 

(3.2) Q v = A" 1 o E o ((k t o S v o K r ) (g) id L oo( G )) o A, r . 

From Lemma E2] above and the various definitions of the structure maps, it 
directly follows that (n r o o /%.) ® id i0O ( G ), A r , £7, and A" 1 are all NUCP 
and trace-preserving maps. Therefore their composition Q v is also NUCP 
and /i-preserving, and Q V (C(G)) C C(G) by Lemmas E31 ES and EU We 
now claim that XU = This will complete the proof. 

To show this, it suffices by the normality of the composition Q v to check 
equality on the basis {ufj : a £ A, 1 < i,j < d a } of the the a- weakly dense 
subalgebra A C L°°(G). So, fixing a basis vector ufj, we compute 

da 

((/%. oS^o K r ) (8) id L o 0(G) )A r (ug) = ^(kv o S v o K r )uf k ® u^j 

k=l 

da 

= ^0^)4®^ (using fl23D) 
fc=l 

= Yj Kr (Yl f( u ki) u ?i) ® «jy ( usin g (ED) 



fc=l z=l 



l<fc,Kd a 

Therefore, 

Q<pufj = A" 1 o £'((«,. o S v o K r ) (gi id L «,( G ))A r ug-) 

= a- x ( X ,p(«s)s(«s®«^; 



A^( ^ ^( u «)^A r («g)) (using Lemma 



Kk,l<d 



u a u a u a 

fe=l 

^(Xa) ^a (since y is a Hahn-Banach extension of 



□ 



Remark 3.10. As alluded to above, the composition (|3.2I) can be viewed 
as a type of average of the convolution operator S v , with respect to the 
Haar trace. Indeed, consider the classical situation where G = (C(G),A) 
is the usual C*-bialgebra of continuous functions on a compact group G, 
with coproduct A given by Af(x,y) = f(xy), (x,y G G, f £ C{G)). Let 
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£ C(G)* = M(G) be a complex regular Borel measure, and for each g £ G, 
let // 9 £ M(G) be the measure defined by 

/(x)d^(x):= / f(g- 1 x- 1 g)d t x(x) (/ € C(G)). 

Then a simple calculation shows that (|3.2p applied to corresponds to the 
averaging map 



Sfj, <-)• Qfj, = / S^dg, 
Jg 



where dg denotes the Haar probability measure on G. Variants of the type 
of composition given in (13. 2h were first used in the context of discrete group 
C*-algebras by Haagerup [20J, and in the setting of discrete Kac algebras by 
Kraus and Ruan [23] . 

4. The Haagerup Approximation Property for and 

In this section, we prove that the free orthogonal quantum groups {0^}iv>2 
and the free unitary quantum groups {U^}n>2 have the HAP. We will first 
treat the orthogonal case, and then use this result together with some free 
product constructions to deal with the unitary case. 

4.1. The Orthogonal Case. The corepresentation theory of the quantum 
group 0~}y was first studied by Banica |2j. It turns out to be quite similar 
to the representation theory of the compact group SU(2). In the following 
theorem we have collected the results that we will need from [2]. 

Theorem 4.1. For any fixed N > 2, there is a maximal family irre- 
ducible corepresentations ofO^, labeled by the non-negative integers, say 

{V n = [Vij]^^)}^, 

which has the following properties: 

(1) V° = Ia (N) i s the trivial corepresentation of 0~^, and V 1 = V is 
the fundamental corepresentation of 0~j^ . 

(2) V* = V n for all n > 0. 

(3) The family {V n } n >o satisfies the fusion rules 



min{r,s} 

(4.1) V r MV s ^ V r+S ~ 21 (r,s€ NU{0}). 

1=0 

(4) For N = 2, d^ = n + 1, and for N>3, 

where q(N) is defined by q(N) + q(N)^ 1 = N. 
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(5) The irreducible characters {x n = (Tr ® idA o (N))V n }n>0 C A>(-W) 
are self-adjoint, and satisfy the recursion relations 

(4.3) XlXn = Xn+l + Xn-l (n>l). 
In particular, we have the equality of *- algebras 

(4.4) alg(xn-n>0) = alg{l,xi}- 

(6) The spectral measure fi Xl of xi relative to the Haar state h on A (N) 
is given by Wigner's semicircular law: 

^/4 _ t 2 
d^xM = l [-2,2]{t) — ^— dt- 

Observe that for each N > 2, part Q of the above theorem shows that 
the spectrum 0Wo+)(7r/i(xi)) of vr^(xi) in the reduced C*-algebra C(0 N ) is 
the interval [—2,2]. In the next lemma, we determine the spectrum of the 
operator xi hi the f u ^ C*-algebra A (N). 

Lemma 4.2. Let N > 2. Then the spectrum &a [N){xi) °f Xi ^ n the full 
C* -algebra A (N) is the interval [-N, N]. 

This result is perhaps well known. Since we we could not find a reference, 
we include a proof. 

Proof. The fundamental corepresentation V 1 = V = [vij]i<i,j<N £ Mn(A (N)) 
is an N x N orthogonal matrix. Therefore 

N N 

Wxi\\a (n) = \\J2 v 4\a <m ^J2W V ^MN) < N , 
i=i UAo{N > i= i 

and it follows that cr^4 (jv)(Xi) Q [~ N,N]. On the other hand, the universal 
property of A Q (N) implies that there exists a surjective C*-homomorphism 

vr : A (N) -)• C(0 N ), 7r (v ij ) = o ij , 

where C(On) is the C*-algebra of continuous functions on the orthogonal 
group On, and {oij}i<ij<N are the matrix coordinate functions on On- 
In particular, vr(xi) is just the fundamental character of On, which is well 
known to have spectrum equal to [— N, N]. Since the spectrum of any ele- 
ment of a C*-algebra always contains the spectrum of its image under any 
*-homomorphism, we deduce that 

[-N,N]Ca MN) (xi)- 

□ 

Let {it n }^L denote the sequence of (dilated) Chebyshev polynomials of 
the second kind, which are uniquely determined by the initial conditions 

(4.5) uq(x) = 1, u\(x) = x 
and the recursion 

(4.6) xu n (x) = u n +i(x) + u n -\[x) (n > 1). 
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From Theorem 14.11 and Lemma 14.21 we immediately obtain the following. 

Corollary 4.3. Let Bm = C*(x n : n > 0) C A (N) denote the unital 
C* -algebra generated by the irreducible characters of 0~^. Then there is a 
C* -isomorphism Bn = C([—N,N]) defined by 

Xn >-> Un\[-N,N] (n>0). 

Proof. From (j4.4|) . we have Bn = C*(l, xi)- On the other hand, Lemma 14.21 
and the Gelfand theorem imply that there is a *-isomorphism ir : C*(l, Xl) ~^ 
C([-N,N}) determined by n(l Ao (N)) = M[-n,n] = «o|[-jv,JV] and ^(Xl) = 

X \[-N,N] = U l\[-N,N}- 

Applying ir to the recursion relation (14. 3p therefore yields 

xHXn)]{x) = \Ti{Xn+i)]{x) + [7r(x„-i)](x) (x £ [-N,N], n > 1). 

Comparing with the initial conditions (|4.5p and the recursion (|4.6p for the 
Chebyshev polynomials of the second kind, we conclude that 7t(xn) = Un\[-N,N] 
for all n > 0. □ 

We now proceed toward proving that has the HAP for all A > 2. 
Note that when N = 2, O^" is a co-amenable compact quantum group 
Corollaire 1], and it follows from (9J Theorem 1.1] that C(0^~) is a nuclear 
C*-algebra and L^iO^) is an injective von Neumann algebra. Since injec- 
tivity implies the HAP for a finite von Neumann algebra (see [22]), there is 
nothing to prove when N = 2. Assume for the remainder of the section that 
N > 3 is fixed. As in Section O we will denote by {p n }n>o the orthogonal 
family of projections p n : L 2 (0~^) — > L^(O^) = spanju™- : 1 < i,j < dn }■ 

Proposition 4.4. Fix a number 2 < to < 3, and for each i E [to, N] consider 
the sequence 

f n n (t) \ °° 
\u n (N) J n=o' 

(1) There exists a constant Ct > (on/?/ depending on to) such that 

(47) °<£f)^'-(^)" (^lfe,«l,n>0). 

(2) For eac/i i G [to, N), the operator 

is compact. 

(3) For eac/i £ G [to, A], Tj restricts to a NUCP, h-preserving map Tt £ 
CB(L°°(0+)) with the property that T t (C(0+)) C C(0+). 

Froo/. (P): For i > 2, let 

(4.8) tf) = *±^3. 
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Then then q is an increasing function of t, and q(t) + q(t) = t. Using 
induction and the recursion (|4.6p . it follows that for all t > 2 and n > 1, 

(4.9) < u n (t) = u n (q(t) + qity 1 ) = ^ [ {t) _ ■ 

In particular, for any t > to and any n > 1, we have 

(1 - q(t)- 2n - 2 )(l - q(N)- 2 )\ 



< 



< 




(1 - q(t)- 2 )(l - q(N)- 2n ~ 2 ) 



(1 - q(t)- 2 )(l - q(NY 



2n-2\ 



(since 1 - g(iV)~ 2 < 1 - q(N)- 2 "-' 2 ; 
(since g is increasing) 



n 



< (l-«(to 



A/ 



Taking C to = (1 - g(to)~ 2 ) -1 , we obtain (g3J. 

([2]): Part in particular shows that the sequence j u"(N) } belongs to 

co(N U {0}) for each t G [to,N). Since the projections p n (n > 0) are all 
finite rank and mutually orthogonal, the sum 

n>0 

is compact. 

©: For each i G [-iV,iV], let ^ E C([-iV, iV])* denote the state given by 
point evaluation at i. Using the isomorphism 

C([-iV,iV])^^ = C*(xn:n>0), 

given by Corollary 14.31 we may regard ipt as the state in B* N given by 

1pt(Xn) = Un(t) (n > 0). 



5#Pn E J B(L 2 ( 

restricts to a NUCP /i-preserving map T^ t G CB{L°°{0~^)), and that T^ t 



Theorem 13 . 71 therefore implies that the map T^ t = ^n>o U (N) Pn E B(L 2 (0~^)) 



APPROXIMATION PROPERTIES FOR FREE QUANTUM GROUPS 



17 



preserves C(O^). Since d^ = u n (N) (cf. equations (|4.2p and (|4.9|) ). we 
have Tt = T^ t for all t £ [to, N], completing the proof. □ 

It is now easy to deduce the HAP for 0~j^. 

Theorem 4.5. For each N > 2, 0% has the HAP. 

Proof. As discussed before, we may assume that N > 3 is fixed. Let 
{T t } t £[t ,N) c CB(L°°(0^)) be the net of NUCP /i-preserving maps con- 
structed in Proposition 14.41 above. Then, for each t £ [to,N), the L 2 - 
extension Tt G B{L 2 {0~^)) is compact. It remains to show that 

(4.10) hm \\f t x - x\\ L 2 {0+n) =0 (x € L°°(0+)). 

Since the family {Tt}t<N C B(L 2 (0~^)) is uniformly bounded (by 1), it 
suffices by linearity and L 2 -density to prove (|4.1U|) for all matrix elements 
x = f™-, (n > 0, 1 < i, j < d^). But in this case, we have 

lim. \\f t v- - vMr,rn + , = Hm ( £^ - l){d^l 2 = 0. 

□ 



Remark 4.6. An easy modification of the above proof (replacing L 2 -norms 
with C(O^)-norms) also shows that Tt\ c , +s — > id c , +y in the point-norm 

topology of B(C(0+)). 

4.2. The Unitary Case. Let us now consider the free unitary quantum 
groups {U^}n>2- It turns out that using free product constructions, the 
HAP for is really a consequence of the HAP for O^. 

Let A and B be unital C*-algebras, we will denote their C*-algebraic free 
product by A* B ( [28\ Chapter 25]). If (p and i/j are faithful states on A and 
B, respectively, we will denote by A * red B the reduced free product of A 
and B, taken with respect to the free product state <p * ip (see [26l Lecture 
7] ) . If A and B are von Neumann algebras with normal faithful states <p and 
ip, respectively, then we always take A * re <x B to be the Neumann algebraic 
reduced free product [11 j . We refer to [13] and pj~] for the properties of 
reduced free products of (normal) completely positive maps. 

We begin with the notion of free complexification for compact matrix 
quantum groups, which was introduced in [3]. Recall that a compact ma- 
trix quantum group G = (A,U) is simply a CQG (A, A), where U = 
[ u ij]i<i,j<N £ Mn(A) is a distinguished fundamental unitary corepresenta- 
tion, with the property that its matrix elements generate A as a C*-algebra 
EH- 



Definition 4.7. Let G = (A, U) be a compact matrix quantum group, with 
fundamental corepresentation U = [uij]i<ij<N £ Mn(A). Let T denote 
the unit circle in C, and let z = idx G C(T) denote the canonical unitary 
generator of C(T). The free complexification of G is the compact matrix 
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quantum group G = (A,U) where A C C(T) * A is the unital C*-algebra 
generated by the family {zuij : 1 < i,j < N} C C(T) * A, and C7 = 
[ziiij]i<ij<N G Mjv(A). The fact that G is actually a compact matrix 
quantum group is proved in [3]. 

Denote by r the Haar state on L°°(T), and h& the Haar state on L°°(G). 
In [3] it is shown that L°°(G) (respectively C(G)) is the von Neumann 
subalgebra of L°°(T) * re d L°°(G) (respectively C*-subalgebra of C(T) * re d 
C(G)) generated by {^^(Mjj) : 1 < i, j < N}. The Haar state /ig on 
L°°(G) is just the restriction of the free product state t * h& to this von 
Neumann subalgebra. 

Here is the main result of this section. 

Theorem 4.8. Let G be a compact matrix quantum group of Kac type. If 
G has the HAP, then so does its free complexification G. 

Proof. Suppose (Mi, ri) and (M2, r 2 ) are finite von Neumann algebras, each 
with the HAP. Then the reduced free product (Mi * rec j M2, t\ * r 2 ) also has 
the HAP [12, Proposition 3.9]. The main idea in [12] is that if : M; 
MijA^eAi is a net giving the HAP for (Mj, Tj), then the reduced free product 
net 

* red $i 2 2 ] : Mi * red M 2 -> Mi * red M 2 } (AliA2)eAl xA 2 , 

gives the HAP for (Mi * re d M 2 , t\ * r 2 ). 

In particular, (L°°(T) * red L°°(G),r * /i G ) has the HAP. Since L°°(G) is 
a von Neumann subalgebra of (L°°(T) * ve( t L L°°(G),r * h&), and r * /ig is a 
faithful normal trace, there exists a unique normal, faithful r * /^-preserving 
conditional expectation E : L°°(T) * red L°°(G) -> L°°(G). Thus, if {^aIagA 
is any net giving the HAP for (L°°(T) * re( j L 0O (G),r * /i<g), then the net 
{E o $ A | ioo(6) } AeA gives the HAP for (L°°(G), /i e ). □ 

As a specific instance of Theorem 14.81 we deduce the HAP for the free 
unitary quantum groups. 

Corollary 4.9. For each N > 2, U% has the HAP. 

Proof. In [3], Theoreme 1] (see Theorem 9.2] for another proof), it is 
shown that Ui = for all > 2. Therefore it follows from Theorem 14.51 
and Theorem S3 that U$ has the HAP. □ 

Remark 4.10. Of course, Corollary 14.91 does not produce an explicit net of 
NUCP /i-preserving maps on L°°([/^) yielding the HAP for C/i. Since we 
will need one in Section [ST2l let us now produce one. For each r S [0,1), 
let p r {e %e ) = Yl n & r^e me G C(T) denote the Poisson kernel. It is well 
known that p r > and J=- J^ n Pr(e %e )d9 = 1 for all r S [0, 1), and therefore 
convolution operator 

f^P r f := Pr *f (/GL°°(T)), 
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defines a NUCP Haar trace-preserving map on L°°(T), such that P r (C(T)) C 
C(T). Furthermore, if z = idf denotes the canonical generator of L°°(T), 
then {z n } 

nt =-z is an orthonormal basis for L?(T) on which P r is given by 
P r (z n ) = r^z n . From this, it is clear that P r extends to a compact (multi- 
plication) operator on L 2 (T), and lim^i P r f = f for all / G L 2 (T). Thus 
{-P r }re[o,i) ^ s a ne ^ °f NUCP trace-preserving maps giving the HAP for T. 
_ Now let {$r,t}re[o,l),te[to,N) c CB(L°°(T) * rcd L°°(0+)) be the reduced 
free product net given by 

(4.11) $ r , t = P r *red T t , 

where Tt G CB(L°°(0^)) is the NUCP /i-preserving map constructed in 
Proposition ^. 4i Then the net {$r,t}re[o,i),te[to,AO gi yes the HAP for (L°°(T)* red 
L°°(0^),r*/i). In Proposition [521 we will see that in fact $ r , t (L°° ([/+)) C 
L°°(C/+) (and also $ r , t (C(^+)) C C(£/+)), so {* P> t| L ~(c/+)}re 
also yields the HAP for U^. 

In our proof of the metric approximation property for C{U^) in Section 
15.21 we will make extensive use of the maps $ r t defined above. 

5. The Reduced C*-Algebras and the Metric Approximation 

Property 

In this section, we use the HAP for Ot, and to show that the reduced 
C*-algebras C(0~^) and C(U^) have the metric approximation property. 
Let us begin by recalling this notion. 

Definition 5.1. A Banach space Y has the metric approximation property 
(MAP) if there exists a net {^aIasa C B(Y) of finite rank contractions 
converging to the identity map in the point-norm topology of B(Y). That 
is, for all y E Y 

lim \\® x y - y\\ Y = 0. 
AeA 

We will treat the orthogonal case and the unitary case separately, starting 
with the orthogonal case. 

5.1. The Metric Approximation Property for C(O^). Since C(02~) is 
a nuclear C*-algebra (and therefore trivially has the MAP), we will assume 
for the remainder of this section that N > 3. 

In Proposition 14.41 we constructed a net of UCP maps {Tt}te[t ,N) C 
CB(C(Ojf)), each of which is L 2 -compact, with the property that limt-^jv It = 
idg^Q+j in the point-norm topology (see Remark 14.61) . Furthermore, Propo- 
sition l4.4t[T1) shows that for fixed t, the operator T t has rapid (i.e. expo- 
nential) decay properties as the corepresentation index n tends to oo. To 
obtain an appropriate net of finite rank contractions on C(Oi) converging 
to id c ,^ +^ in the point-norm topology, the idea is to take certain finite rank 
truncations of the maps Tt. It turns out that we can meaningfully control 
the norms of these truncated maps using: (1) the explicit decay rates of T t 
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given in Proposition l4.4HfTI) , and (2) the fact that the quantum groups 
(N > 3) have the property of rapid decay (property RD). The property of 
rapid decay, defined for CQGs by Vergnioux [35], amounts to the existence 
of a Haagerup-type inequality comparing the L 2 - and L°°-norms on L°°(G). 
This approach to proving the MAP dates back to Haagerup [21] in the set- 
ting of free groups. We state Vergnioux's Haagerup inequality for in the 
following theorem. 

Theorem 5.2. (|3U Section 4]) For each N > 3, there is a constant Dn > 
such that for any n > and any x 6 L 2 (O^), we have 

IMI L 2 (0 +) < ||x|| i a 0(0 + ) <D N {n+l)\\x\\ L2(0 + y 



In other words, Theorem 15.21 says that on the subspaces L 2 ((7^) 



span{u^- : 1 < i,j < dn} C L 2 (0^), the L°°-norm grows at most lin- 
early in n, relative to the L 2 -norm. 

An immediate consequence of this Haagerup inequality for is the 
following criterion for determining when certain linear maps T G B{L 2 {0^)) 
are ultracontractive (i.e., map L 2 (0^) boundedly into C(O^).) 

Proposition 5.3. Let {a ra } n >o C C be a bounded sequence, and consider 
the operator T = J2 n >o a nVn 6 B(L 2 (0^)). If 

k a := sup(n + l) 2 |a n | < oo, 

n>0 

then T(L 2 (0+)) C C(0%) and ||T'|| i 2_ s . i0 o < 2E ^^pS where D N > is the 
constant given in Theorem \5.2\ . 



Proof. Let x 6 L 2 (0^). Then we have 

II II L°°(Ot) = ^ a nPnX 



n>0 



< ^ |o„| • l|Pn^|| L0 o( +) 



L°°(0+) 



n>0 



< ^2\a n \D N (n + l)\\p 

n x \\ L 2 (Ojf) 

n>0 
n>0 



1/2 / N l/2 



< fc a £> JV (^ rn + 1)2 ) (XJ||PnX 



n>0 v y n>0 



" l|X|li2 (^)' 

where in the second inequality we have used property RD, and in the last 
inequality we used the Cauchy-Schwarz inequality. Therefore T(L 2 ) C L°° 
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and ||r||£2_^ £ ao < 2L y=p L - To show that T(L 2 (0^)) C C(0%), note that 
TA C A, where A is the usual dense Hopf *-subalgebra of C(O^). Since 
A is also dense in L 2 (0%) and T : L 2 -> L°° is continuous, T(L 2 (0^)) C 

The MAP now follows. 
Theorem 5.4. For eac/i 2V > 3, C(0+) has the MAP. 

Proof. Fix N > 3, and let {T t } te[t0)JV) C CB{C(0^)) be the family of UCP 
maps constructed in Proposition 14.41 For each m S N, let T 4/m : C(0^) — )• 
C(Oi) be the mth-order truncation of Tj given by 

Since each member of the family {p n } n >o is a finite rank projection, it follows 
that the finite sums {Tt,m}m>o,t&\t ,N) are also finite rank. Furthermore, for 
fixed t £ [toi -^V) we have 



(5.1) \\T t Tt^W^Q^ - j| ^ 



1 «n(iV) J 

n>m+l 



n>m+l 



B(C(0+)) 



B(L*(0+),C(Ot)) 



(5.3) < — p- sup (n + 1) 



n>m+l 

(N) 

KD N _____ ,__ , ^ ( t\" 



(5.4) < — f sup (n + l) 2 C7 t0 - 

VD n>m+l Viv 

where in (|5.2p we have used the fact that the inclusion C(0^) C L 2 {0~^) is 
a contraction, in (|5.3p we have used Proposition 15.31 and in (|5.4p we have 
used Proposition I4.4l fl]) . From the last inequality, it follows that 

(5 - 5) ^11^-^11^(0+)) =0 (*e KN)), 

and in particular 

( 5 - 6 ) „J™o W Tt ^B(C{0+)) = 11^11^(0(0+)) = 1 G [*0> iV ))- 

Put T t|TO = ll^,mll B | C ( +)) 7 t,m- Then {Ti im } 4e [ 40iA r) jmgN C B{C(0\^)) is 



a family of finite rank contractions, and by (|5.5p - (|5.6p . 



(5.7) lim \\T t - f t>m \\ B , C(0+)) =0 (t € [to, AT)). 

We now claim that the identity map id c ,^ +-j is contained in the point-norm 
closure closure of {Tt.m}t&[t ,N),meN C B(C(0~^)). This will complete the 
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proof, since we can then extract a net of finite rank contractions (in fact 
a sequence) from {Tt !m } t £[t ,N),meN with the required property. To prove 
this last claim, first note that by (|5.7|) . {Tt}t^[t ,N) is contained in the norm 
(=> point-norm) closure of {T ttrn } t £[t 0! N),m&N- On the other hand, since 
lim^Tv u"(N) = 1 f° r an n > 0, we have lim^jv \\TtX — ^||c(o + ) = ^ ^ or au 
x € .A, the dense Hopf *-subalgebra of C(O^). Since ||^);|Ib(c(0 + )) = ^ ^ or 
all t € [to, -AT), the density of .4 C C(Otr) implies that this limit remains 
valid for all x 6 C(O^). Therefore 

■ point-norm — ~ " point-norm 



□ 

5.2. The Metric Approximation Property for C{U^). To prove the 
MAP for the C*-algebras C(U^), the idea is the same as for C(0~^): we 
take a net of L 2 -compact, UCP maps on C(U^) converging to id c ^ u +~ j in 
the point-norm topology, and consider finite rank truncations of this net. 

To begin, we will need to recall some of the facts obtained by Banica [3] 
on the corepresentation theory of U^, (N > 2). Let {V n } n >o be a complete 
family of irreducible unitary corepresentations of as in Theorem 14.14 
and let z = idj denote the canonical unitary generator (i.e. fundamental 
corepresentation) of C(T). Since is the free complexification of (see 
Definition 14. 71) . we may identify C(U^) with the C*-subalgebra of C(T) * rc d 
C{Ojy) generated by the matrix elements of z M V 1 = [zvij]i<ij<N- 

Let F^~ denote the free semigroup on two generators {51,52} with unit e, 
2 



and equip F^" with the antimultiplicative involution 5 1— > 5 defined by 



e = e, gi = g2, 92 = 9i- 

Then there exists a maximal family of pairwise inequivalent irreducible uni- 
tary corepresentations {U 9 } ge¥ + of such that 

(1) c 1- 

(2) = 2 M V 1 , the fundamental corepresentation of U^, 

(3) W^U3 for all 5 € F+, and 

(4) The following fusion rules are satisfied: 

(5.8) U aP (g,he¥+). 

g=a<r, h=ufi 

For iV > 3, Vergnioux has also shown that also has property RD |35j 
Section 4]. Let | • | : F^ — > N U {0} denote the word length function on F^" 
relative to the generating set {51,52}- For each n G N U {0}, let 

Ll(U+) = L 2 g (U+), 

ge¥+:\g\=n 
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where L 2 (U^) denotes the usual subspace of L 2 (U^) spanned by the matrix 
elements of the corepresentation U 9 . Vergnioux's property RD for Uir can 
now be stated as follows. 

Theorem 5.5. (|35j Section 4] ) For each N > 3, there is a constant Rn > 
such that for any n > and any x G L^(C/i), we have 

< \\ x \\l°°(u+) <RN(n+l)\\x\\ L2{u + y 

For each g G F^", let p g : L 2 (U^) — > L 2 (U^) be the orthogonal projection. 
Using Theorem 15.51 we have the following ultracontractivity result for 
(which is analogous to Proposition 15.31 for O^). 

Proposition 5.6. Fix N > 3, let {a>g} ge f+ C C be a bounded family, and 
consider the operator T = Ylg^w^ a 9'Pg ^ B(L 2 (Un)). If 

k a := sup < (n + l) 2 max \a g \ > < oo, 
n>0 ^ \g\=n > 

then T(L 2 (U^)) C C(U%) and ||T|| L 2^ L oo < where R N > is the 

constant given in Theorem 15.51 

We will omit the proof of this result since it is almost identical to that of 
Proposition 15.31 

Proposition 15.61 will be essential to our proof of the MAP for C(U^) when 
N > 3. We will treat the case N = 2 separately at the end of this section. 

5.2.1. The Case N>3. Let {$ r ,t}rE[o,i),te[t ,N) C C5(L~(T)* red L°°(0+)) 
be the family of NUCP maps defined in Remark 14.101 In the following 
proposition, we show that each preserves the subalgebra L°°(U^) C 
L 0O (T)* red L 0O (0+). 

Proposition 5.7. * r)t (C(E$)) C C(U^) and ^(L 00 ([/+)) C L°°(U^). 

Proof. For each g G F^ , consider the subspace L 2 (U^) C C(U^) spanned by 
the matrix elements of the associated irreducible corepresentation U 9 of . 
We claim that <3? r t| r 2/rr+\ 6 Cid r2 m+v Assuming that this claim is true, it 

then follows by linearity, continuity and density, that <& r j(C(Upj)) C C(U^). 
Since $ r , t is also normal, $ ri4 (L°° (£/+)) C L°°(U^). 

We now prove the above claim. Fix g G F^~\{e} (the case 5 = e is trivial), 
and consider the free product compact quantum group G = T * O^, as 
defined in [38]. Since 

L°°(U+) C L°°(T) * rcd L°°(0+) =: L°°(G), 

and the Haar state on L°°(U^) is just the restriction of the Haar state 
on L°°(G), it follows that C/ 9 is also an irreducible corepresentation of G. 
Therefore, by [381 Theorem 1.1], there exist numbers n G N, 1(1), ■ ■ ■ , l(n) G 
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N, jfe(l), k(n + 1) e Z, and fc(2), . . . , fc(n) G Z\{0} such that £/ 9 is unitarily 
equivalent to the alternating tensor product corepresentation 

W = z k{1) m V l{l) E z k{2) H ... El z k{n) E V l{n) El z k{n+1) e M dg (L°°(G)). 

From the above equation, the definition of the reduced free product of 
NUCP maps [II], and the definition of P r and Tt (c.f. Proposition 14.41 and 
Remark I4.10p . we have 

(id®$ r , t )W = (id® {P r *redTt))W 

l\u l(s) (N) W - 

Since U 9 = W, the same is true for U 9 : 

(5.9) (id ® * r t)U 9 = r ES [*WI ff ^}$rU>>. 

tJ[U l{s) (N) 

That is, c^l^ = r SS W)l E["=i 

For each t G [to, N), let = t+v/ ^ 2 ~ 4 be the increasing function defined 
in (|4.8|) . let r(i) = fE^^y^ , an d consider the UCP map 

*t := *r(*),*lo(D+) G CB(CQ7+)). 
From the proof of Proposition l5.7l we know that acts as a scalar multiple 
of the identity on each subspace L 2 (U^), and so its L 2 -extension 4>t takes 
the form 

(5.10) % = <H{9)P 9 G B(L 2 (U+)), 

ge¥+ 

where {at (g)} g&¥ + C C. In the unitary case, we will use the net {^t}te[t ,N) C 

CB(C(Uft)) as a replacement for the net {Tt}te[to,N) c CB(C(0~^)) in the 
orthogonal case. The following proposition shows that our choice was a good 



one. 



Proposition 5.8. The net {^t}te[t ,N) has the following properties: 

(1) liuit^N = ^c(U + ) ^ n ^ e point-norm topology. 

(2) For each g G Fj, 

(5.H) 0<a t ( 5 )<C to (^ N '" 



where Ct is the constant defined in Proposition 4-4(11) ■ 

Proof. Since each map is UCP, it suffices by continuity and density to 
show that lim^jv ^tx = x for each x £ A C C(U^), the dense Hopf *- 
subalgebra. By linearity, this reduces to showing that 

(5.12) lim aAg) = 1 pointwise. 
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However, since lim^jv v(t) = 1, lim^Tv ^(N) = ^ ^ or a ^ ^ — ^> anc ^ a *G?) ^ s 
given by some finite product of the form r^«=i 1*^1 11"= i u^In) » ^|5.12j) is 
obvious. 

To prove (2), we need a better understanding of the quantities 04(5), 
(<? € Fj). Let Xg denote the character of the irreducible corepresentation £7 9 . 
From the fusion rules (|5.8p for U^, it follows that the characters {Xg} g£ ¥+ 
satisfy the relations 



(5-13) XgXh = Xa P (9,h€¥^). 

g=aa, h=Sfi 



Furthermore, since U 91 = zMV 1 , we have 

(5-14) Xgi = z Xi and x g2 = X* gi = X\z~ l , 



where {xn}n>o denote the irreducible characters of O^, and z = idx is the 
generator of C(T) (which is *-free from {Xn}n>o)- Using (|5.13j) . the initial 
conditions (I5.14p . and the recursion (|4.3jl for the characters {Xn}n>o, it 
follows by induction on \g\ that for any g G F^~, there exist k(l), . . . , k(n) G 
N such that \g\ = k(l) + k{2) + ... + k(n), e(l),e(n + 1) € {0, ±1} and 
e(2), . . . e(n) G {±1} such that Xg is given by the free product 



(5.15) X g = z^Xk(i)Z e{2) X m ■ ■ ■ z €{n) Xk(n)Z €(n+1) . 



Since ^ t \ L 2(jj+^ = a t {g)\& L 2 tjj+) and Xg £ ^(U^), we get from (I5.15j) that 
^(fiOXg = ^tXg 

= (Pr(t) *rcd T t ) {z^Xk(l)Z ei2) Xk { 2) ■ ■ ■ Z^Xk(n)Z ein+1) ) 



(t) \e(l)\ + \e(2)\+n-l A 
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Therefore a t (g) > 0, and using (14. 9p we have 

Uk(s)(t) 



at(g) = r(t)l^)l+l^)l+"- i n 



2 u k (s)(N) 



< 



r(t)n -i ( \ *«+-+*<») fr (l-g(t)- 2fc W- 2 )(l- g (iV)- 2 ) 

1 j Vg(JV)/ JL± (1 _ g(iV)-2feW-2)(l _ g (i)-2) 

r i/ g(*) \fc(i)+-+fc(")yj l-g(t)- 2fc W- 2 
r(t) KgjN)) 1 - g(JV)- 2fe W- 2 

1 / \ fe(l)+-+fc(n) 



l-q(t)- 2 \q(N)J 



1 / f \fc(l)+...+fc(n) _ ft 

- 1 _ g( to )-2 IjvJ " HiVV ' 

□ 

Using Proposition 15.81 we can prove the MAP for C(U^) when N > 3. 
Theorem 5.9. For N > 3, C{U^) has the MAP. 

Proof. Since the proof is similar to the truncation argument for the orthog- 
onal case, we only sketch it. For each m E N, let 

*t,m= ^2 a t(s)Pg, and $t,m = ||*t,m[|w ^t,m- 

<?6F+:|g|<m 

Then {&t,m}te[t ,N),meN c B(C(U^)) is net of finite rank contractions. By 
Proposition 15.61 and Proposition 15.8( 2) 

/ t \ n 

lim ||* tm - *t||Rf C m+^ < limsup sup (n+l) C to [ — ) =0, 

m->-oo ^^^jv;; m ^oa n>m+l 

for every t <t<N. Therefore lim m _ ) . o0 ||*t,m|| S (c(E/i)) = H**lls(C(t/i)) = 
1, and consequently 

(5.16) lim ||*t, m -*t|| flf£7 m+« =0 (t Q <t<N). 

Using (|5.16p and Proposition 15. 8( 1). it follows from arguments analogous to 
those in the proof of Theorem 15.41 that id c ^+^ is contained in the point- 
norm closure of {^t,m}te[t ,N),men- □ 

5.2.2. The Case N = 2. When N = 2, we can actually prove the following 
stronger approximation property for CiJJ^)- 

Theorem 5.10. CiU^) has the completely contractive approximation prop- 
erty (CCAP). 
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Recall that an operator space Y has the CCAP if there is a net of finite 
rank complete contractions {^aIasA C CB(Y), converging to idy in the 
point-norm topology. A dual operator space Y* is said to have the weak* 
completely contractive approximation property (weak*-CCAP) if there is a 
net of (j-weakly continuous finite rank complete contractions {$a}a(eA C 
CB(Y*), converging to idy* in the point a- weak topology. 

Proof. In [231 Theorem 5.14], Kraus and Ruan showed that for a compact 
quantum group G = (A, A) of Kac type, C(G) has the CCAP if and only if 
L°°(G) has the weak*-CCAP. (In [23J, the authors state their results in the 
equivalent, dual framework of discrete Kac algebras.) 

However, as mentioned in the introduction, Banica has shown that L 00 ^^) = 
L(¥2) (see [3]). Since L(F2) has the weak*-CCAP and this property is an 
isomorphism invariant for von Neumann algebras (see [H]), L^f^) also 
has the weak*-CCAP. The theorem now follows from the previous para- 
graph. □ 

Remark 5.11. It would be interesting to know whether or not all of the 
C*-algebras C(G) (G = or U^) have the CCAP, or perhaps just the 
completely bounded approximation property. Since we have shown that 
these C*-algebras always have the MAP, the answer seems likely to be yes. 
(To our knowledge, there are no known examples of C*-algebras with the 
MAP, but not the CCAP.) We are currently investigating this problem. 

Remark 5.12. We conclude with the following Banach algebraic remark. Let 
G be either for some A > 2, or for some N > 3. Since G is not co- 
amenable, the Banach algebra L l (G) fails to have a bounded approximate 
identity [10\ Theorem 3.1]. However, our proofs of the MAP for C(G) can 
be used to show that L X (G) has a central approximate identity, which is 
bounded in the (left) multiplier norm on L 1 (G): 

IMIa/(li(o)) : = sup{||u; * u'\\ L i {G ) : ||w'||li(g) = 1} ( w € L X (G)). 

Indeed, when G = lf£ , C(G) has the CCAP by Theorem[5JJil and [23, The- 
orems 5.14-5.15] show that L X (G) has a central approximate identity which 
is actually bounded in the completely bounded multiplier norm on L X (G). 
For all other cases, let }teA be a net of finite rank contractions giving the 
MAP for C(G). From the proofs of Theorems 15.41 and 15.91 we may assume 
that each $t is a finite linear combination of the projections {p a }a£A defined 
in Notation 13.61 say &t = YlaeA a t{ct)Pa- Identify L X (G) with the closure of 
L°°(G) with respect to the norm |M|l1(g) := sup{|/i(wx)| : H^Hl 00 ^) = !}■ 
Then the net {uJt}teA C L 1 (G) defined by ut '■= SaeA a t(«)4x«i is a cen_ 
tral approximate identity for L 1 (G) such that H^Hm^^g)) = ||^||b(C(G)) = 
1 for all t € A. The equality ||wt||jvf(Li(G)) = II IIb(c(G)) follows from the 
simple verification that &t = (m Ut )*\c(G)j where m Ut : oj' h- > oj t * to' is the 
(left) multiplier induced by ojf 
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